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1. INTRODUCTION 
Let R be a Krull domain with the quotient field K, let L be a finite 
algebraic extension of K, and let S be the integral closure of R in L. The 
inclusion of R in S induces a homomorphism of the divisor class groups 
i: Cl(R) + Cl(S). Descent theory for Krull rings investigates the kernel of 
this homomorphism. In most examples (see [I]) this kernel is a finitely 
generated group. In this paper we shall find some sufficient conditions for 
ker(i) to be finitely generated and some examples where it is not so. We are 
mainly interested in the case when R contains a fixed field k and S is afftne 
(finitely generated k-algebra). If k is algebraically closed then Cl(S) 
corresponds to the divisor class group of a suitable algebraic variety and 
ker(i) is finitely generated (Theorem 1) by some results of algebraic 
geometry. In general Cl(S) may become much bigger (example l), or much 
smaller (example 2) under an algebraic extension of the field of constants k. 
Therefore, if k is not algebraically closed, we cannot use directly the methods 
of algebraic geometry. The result is still true if char(k) = 0 or if k is 
algebraically closed in L. In the other cases ker(i) need not be finitely 
generated. 
2. GROUND FIELD ALGEBRAICALLY CLOSED 
In Sections 2, 3, 4 we denote by k a fixed field, R is a Krull domain 
containing k, K is the quotient field of R, L is a finite algebraic extension of 
K, and S is the integral closure of R in L. We also assume that S is finitely 
generated over k. We denote by i the homomorphism Cl(R) + Cl(S) induced 
by the inclusion. 
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LEMMA 1 12, Chap. V, Theorem 21. Let A be an afine ring, let F be a 
finite algebraic extension of the quotient field of A, and let B be the integral 
closure of A in F. Then B is a finite A-module. In particular B is afine. 
LEMMA 2. Let R, be a Krull subring of R containing k and assume that 
R is algebraic over R, . Then there exists an element r of R,, such that 
R,[ l/r] is ajj%e and S[l/r] is integral over R,[ I/r]. Let 
j, : Cl(R,) + Cl(S) and j: Cl(R,[l/r]) + Cl(S[ l/r]) 
be the homomorphisms induced by the inclusions. Then ker(j) is isomorphic 
to a factor group of ker(jO) by a finitely generated group. 
ProoJ There exists an affme subring R, of R, with the same quotient 
field as R,. By Lemma 1 we may assume that R, is integrally closed. Since 
S is affine there exists an element r of R , , such that S[ l/r] is integral over 
R,[ l/r]. But R,[ l/r] is contained in S[l/r] and R,(l/r] is integrally closed, 
hence R,[l/r] = R,[l/ ] r is aftine. Let H be the subgroup of Cl(R,) generated 
by the finitely many prime divisorial ideals containing r. Then ker(j) is 
isomorphic to ker (j,)/(H n ker( j,)). 1 
It follows from Lemma 2 that, as far as the size of ker(i) is concerned, we 
may assume that R is affine. Let us suppose that k is algebraically closed. 
Then R and S are rings of regular functions on normal afftne algebraic 
varieties V’ and W’, respectively. We can embed V’ and W’ in complete 
normal algebraic varieties Y and W. For an algebraic variety U let Cl(U) 
denote the group of the divisor classes of U. Then Cl(R) = Cl(V’) and 
Cl(V’) is the quotient of Cl(q by the subgroup generated by the finite 
number of the prime divisors in V\V’. There are similar relations between 
Cl(S), Cl( W’) and Cl(W). Furthermore we have an exact sequence of groups 
O-+Pic(V)-+Cl(V)-+NS(V)+O 
where NS( V) is the finitely generated Neron-Severi group of V and Pic( I’) is 
the group of points of the Picard variety of V [3, Chap. III, Sect. 11. We 
have a similar sequence for the variety W. 
The inclusion of R in S induces a generically surjective rational map 
4: W-t V, which induces a homomorphism j: Cl(V)+ Cl(W) and its 
restriction j,: Pit(V) -+ Pit(W). The map 4 also induces a surjective 
homomorphism of the Albanese varieties v: A(W) --+ A(V), which induces 
the same map j, of the Picard varieties 
j,: Pic(V)=Pic(A(V))+Pic(A(W))=Pic(W). 
By [3, Chap. Y, Proposition 21, since w is surjective, ker(j,) is finite. It 
follows that ker(i) is finitely generated. 
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We have proven 
THEOREM 1. Let k be an algebraically closed field. Let R be a Krull 
domain containing k and let S be a Krull overring of R integral over R and 
finitely generated over k. Then the kernel of the homomorphism 
i: Cl(R) + Cl(S) is finitely generated. 
3. GALOIS DESCENT 
Let the notation and assumptions be as at the beginning of Section 2. We 
shall also assume L separable over K. By [ 11, Theorem 16.1 we have: 
LEMMA 3. Suppose L is Galois over K with the Galois group G. Then 
ker(i) is naturally isomorphic to a subgroup of H’(G, S*), where S* is the 
multiplicative group of the invertible elements of S. 
We shall prove that for an affine ring S the group S* is finitely generated 
modulo the maximal subfield of S. This will imply that H’(G, S*) and ker(i) 
are finitely generated. 
LEMMA 4. Let F be the maximal subfield of S. Then S*/F* is a finitely 
generated free abelian group. 
Proof. F is the set of the elements of S algebraic over k. By the 
normalization theorem there exists a ring of polynomials R, = k[x, ,..., xm], 
such that S contains R, and is integral over R,. Let v be the “infinite” 
valuation of k(x, ,..., xm), i.e., v(f/g) = deg( g) - deg(f ). There are only a 
finite number of extensions of v to valuations of L. Let v,,..., vk be the 
valuations of L extending v. Let V and V, ,..., V, be the corresponding prin- 
cipal valuation rings. Then the integral closure V’ of V in L equals 
V’ = fl Vi. Consider a homomorphism h: S* + Zk defined by h(s) = 
(u,(s),..., vk(s)). If s belongs to ker(h), i.e., vj(s) = 0 for every i, then s 
belongs to V’ and it is integral over V. Whenever an element u is integral 
over a unique factorization domain B the irreducible equation of u over B is 
manic. Therefore if s belongs to ker(h), its irreducible manic equation over 
the field k(x, ,..., xk) has coefficients in k = Vn k[x, ,..., xk] and s is algebraic 
over k. It follows that ker(h) c F* and S*/F* is isomorphic to a factor 
group of a subgroup of Zk. If s has a finite order modulo F* then it is 
algebraic over F*, hence belongs to F *. Therefore S*/F* is a free finitely 
generated abelian group. 4 
LEMMA 5. Suppose that L is Galois over K with the Galois group G. 
Then H’(G, S*) is finitely generated. 
DESCENTFORAFFINE KRULLDOMAINS 153 
Proof Let G = {g, ,..., g,) and let s, ,..., ,, s represent free generators of 
S*/F*. Let o: G-+S * be a cocycle, such that c( gi) = ain(sj)“iJ, Ui E F*, 
for i = l,..., m. Let us define a homomorphism of the group of cocycles into a 
free abelian group Zm’” letting @(a) = { (ki,j)}. Suppose that u belongs to the 
kernel of 4, i.e., a( gi) belongs to F* for all i. Then u represents an element of 
the group H’(G, F*), which is trivial by Hilbert Theorem 90. Therefore u is 
a coboundary in H’(G, S*). It follows that H’(G, S*) is isomorphic to a 
factor group of a subgroup of Z”““. 1 
THEOREM 2. Let k be a field, R a Krull ring containing k, and K the 
quotient Jeld of R. Let L be a finite separable extension of K, and let S be 
the integral closure of R in L. Assume also that S is finitely generated over 
k. Then the kernel of the homomorphism i: Cl(R)+ Cl(S) is finitely 
genera ted. 
ProojI Let L 1 be a Galois extension of K containing L, and let S, be the 
integral closure of R in L,. Then, by Lemmas 3 and 5, the kernel of the 
homomorphism j: Cl(R)-+ CI(S,) is finitely generated and ker(i) is a 
subgroup of ker(j). 1 
4. RADICAL DESCENT 
Let the notation and assumptions be as at the beginning of Section 2. By 
]l, Proposition 17.51, we have: 
LEMMA 6. Let char(k) =p # 0, let [L: K] =p, and let D be a derivation 
of L, such that D(S) c S, D(K) = 0, 1 E D(S). Then ker(i) is isomorphic to 
the additive group {x E S; x = D(s)/s, s E S) modulo the group {D(u)/u; 
u E s*}. 
LEMMA 7. Let char(k) =p # 0, let [L: K] =p, and let L be a purely 
inseparable extension of K. Assume also that k is algebraically closed in L. 
Then ker(i) is jmitely generated. 
Prooj Since S is atline, we can find r E R and z E S such that R [ I/r] is 
afftne and S[ l/r] = R [z, l/r]. Therefore, by Lemma 2, we may assume that 
R contains l/r and S = R [z], and zp E R. There is a unique derivation D of 
L, such that D(K) = 0, D(z) = 1, D(S) c S. Let L be the algebraic closure of 
L and R= &. R, and S= I?. S in z. Clearly S= R[z]. Suppose that S is 
integrally closed, and let R, be the integral closure of R. There exists a -- 
unique derivation fi of z such that fi extends D, D(R 1) = 0, and D(S) c S. 
Suppose that ker(i)- is not finitely generated. Then, by Lemma 6, there are 
infinitely many distinct elements of the form D(s)/s = D(s)/s E S c S. By 
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ThErem 1 ker(Cl(R,) + Cl(S)) is finitely generated. The maximal subfield - -- 
of S equals k, D(k) = 0, ,!?*/k* is finitely generated, and therefore the group 
{&u)/u; u E g*} is a finite group of exponent p. Therefore ker(i) cannot be 
infinite by Lemma 6. If S is not integrally closed then, by Lemma 1, its 
integral closure is finitely generated over R and there exists r,, E R, such that 
S[ l/r,] is integrally closed. r0 belongs to a finite extension L, of K, 
L, c k - K. Then there exists rl E L,, rl integral over R, and the norm 
h,IIK(rO) = r. . ri = r E R. By Lemma 2 we may assume that R contains l/r, 
and then S is integrally closed and is generated by z over the integral closure 
R, of R. It follows as before that ker(i) has to be finitely generated. 1 
THEOREM 3. Let k be afield, R a Krull domain containing k, and K the 
quotient field of R. Let L be aJinite extension of K and let S be the integral 
closure of R in L. Suppose that k is algebraically closed in L, and that S is 
finitely generated over k. Then the kernel of the homomorphism 
i: Cl(R) -+ Cl(S) isflnitely generated. 
Proof By Lemma 2 we may assume that R is affine. Let K, be the 
separable closure of K in L. If char(k) =p # 0 let K, c K, c -a. c K, = L be 
such that [Ki: Ki-,] =p for i = 2,3,..., n. The theorem follows from 
Lemma 7 and Theorem 2. m 
THEOREM 4. Let S be a Krull ring jmitely generated over a field k and 
such that Cl(S) is finitely generated. Let R be a Krull subring of S 
containing k. If either char(k) = 0 or k is algebraically closed in S then 
Cl(R) is finitely generated. 
ProoJ If we add variables to R its divisor class group does not change. 
Therefore we may assume S algebraic over R. By Lemma 2 we may assume 
S integral over R. Theorem 4 follows from Theorem 2 and Theorem 3. fl 
As a corollary we get the following: 
THEOREM 5. A Krull subring of a ring of polynomials has a finitely 
generated divisor class group. 
5. EXAMPLES 
EXAMPLE 1. Cl(R) is trivial but becomes infinite after an extension of 
the field of constants. 
Let F be an algebraically closed field, let x and y be algebraically 
independent over F, and let t = y2 + y + x3 + x. Let k = F(t). Then k[x, y] is 
a quotient ring of F[x, y], hence k[x, y] is a UFD. On the other hand the 
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equation y* + y + x3 + x - t = 0 defines a nonsingular elliptic curve over k, 
hence over the algebraic closure i of k the ring k[x, y] has a very large 
divisor class group. 
EXAMPLE 2. Cl(R) is not finitely generated but becomes trivial after an 
extension of the field of constants. 
Let F be an algebraically closed field of characteristic p # 0. Let t be 
transcendental over F and let k be the separable closure of F(P). Let x,y be 
algebraically independent over k and let u =y t xpt ’ + tx. Let K = k(u), 
R = K[y, xp, l/x”], S = R [xl. Then S is the integral closure of R [t], and 
S = K(t)[x, l/x], h ence Cl(S) = 0. By Lemma 6 Cl(R) is an abelian group of 
exponent p. We shall prove that it is infinite, hence not finitely generated. 
Let D be the unique derivation of S, such that D(x) = 1, D(R) = 0. By 
Lemma 6 Cl(R) is isomorphic to the group V= {D(s)/s E S; s E S} modulo 
the group V, = {D(u)/u; u E S* }. The group S* of the invertible elements of 
S is generated by x and by the elements of K[t]. We have D(x)/x = l/x and 
D(t) = D((u -y -xP+ ‘)/x) = (y - u)/x’ = -(xp t t)/x. Therefore the 
elements of V,, have the form (axp t b)/x, a, b E K(t). Let c # 0 be any 
element of F. There exists a solution a E k of the equation 
apt r t tPa t cp = 0. Then a = -cp/ap + tP. Let p = -c/a + t E k(r). Then 
P&k andPP+l t@+c=O. We have 
DW) = (c/(a t t)*) . D(t) = (x” t t)/x(a + t) 
D(x - P)/(x -P) = (xvp t t) -/3(x” t t))/x(x -@(a t t) 
=(ttxpp-‘+X*pp-2t~*+Xp-1~)/Xq3ptf). 
Therefore every element c E F produces an element of V. Let d # 0 be 
another element of F, let yPt ’ + ty + d = 0, and let D(x - y)/(x - y) = 
(t t xy”-’ t x*yp-2 t .a. t x”- ‘y)/x(y” + t) be the corresponding element of 
V. If (D(x + y)/(x - r) - D(x - p)/(x - p)) E V, then all positive powers of 
the numerator cancel, 
&pF- i = cy” 
i.e., (y” t t)P”-’ = VP t t) y”-’ and 
+lpi for i= 1,2 ,..., p - 1. If p > 2 we get j3 = y, which 
contradicts d # c. If p = 2 we get (/3 - y)(py - t) = 0 and d/?* = cy*, hence 
/3” = ct*/d. But we also have /?’ + t,d t c = 0 which contradicts the fact that c 
is not algebraic over F. Therefore elements of F induce distinct elements of V 
modulo V, and Cl(R) is not finitely generated. 
EXAMPLE 3. If S is not affine ker(i) may be not finitely generated also 
in characteristic 0. 
We shall construct an example by the method of Leedham-Green [4]. Let 
Q be the field of the algebraic numbers and let Q0 be the field of the real 
algebraic numbers. Let A = p be the plane over Q. For P E A let F denote 
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the point complex conjugate to P. Let (C, :f”(x, y) = 0) be a sequence of all 
irreducible curves defined over Q. For each i = 1,2,... we shall choose a 
curve C”(i) and a point Pi E A such that 
(i) the coordinates of Pi do not both lie in Q,; 
(ii) for all j < i Pi is not equal to Pj or 5 ; 
(iii) neither Pi nor pi lie on any curve Cnci) for j ( i; 
(iv) if i is odd we shall choose Gnu) to be the first curve neither equal 
nor conjugate to any CnCiJ for j < i, and we shall choose on Cnci) a simple 
point Pi satisfying (i), (ii), (iii); 
(v) if i is even we shall choose a point Pi satisfying (i), (ii), (iii), and 
we shall choose a curve CnfiJ not defined over Q,, not containing any Pj or 
Fj for j < i, and containing both Pi and pi as simple points. 
Then every irreducible curve or its conjugate is equal to some Cnci). Let S 
be the ring of-rational functions f/g E 0(x, y), such that for every point 
P = Pi or P = Pi we have ordp(f) > ord,( g). Let R = S n Q,,(x, y). Then R 
and S are Dedekind domains and S is integral over R. Prime ideals of S 
correspond to points Pi and pi while prime ideals of R correspond to pairs 
(Pi, pi). Ideals pzi corresponding to distinct pairs (Pzi, P,i) represent distinct 
elements of Cl(R). Indeed if a divisor of a rational function f/g contains Pzi 
and does not contain any Pzk+, or F2k+, then f and g have only prime 
factors of the form fnczj) or T,,tzjno. IJ also f/g E Qo(x, y) then these factors 
appear in pairs. The product &, .fn(2i) generates the square (p2i)’ in R. It 
follows that the ideal pzi has order 2 in Cl(R) and is different from any other 
pzk in Cl(R). But the image of pzi in S (i.e., pzi . S) is principal, generated by 
f&). Therefore ker(Cl(R) + Cl(S)) is not finitely generated. 
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